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We consider the first boundary value problem for a semi-linear partial
differential equation of parabolic type
gu≡豊一芸-f(fi,V,u).
Let 7~i and F2 be two arcs having the equations x-gi(y), x-g2(y), yoく
yく2/i, respectively, with g^y), g2(y) continuous and gi(y)<gサ(y) for yo<y<yi
We denote by Ci and C2, respectively, two segments gi(yo)くxく92(vo), 2/-2/o
gi(yi)<xく92(Vi), V-Vu
We propose to find the solution in the domain bounded by the arcs il,
71 and the segments d, C2. We call such a domain a normal domain. The
boundary data <p the solution is required to assume are prescribed on the so-
called fundamental boundary D of D, consisting of /I, C¥ and F2. We suppose
throughout this paper that to each point of D there corresponds a barrier
function*3 for the equation 3?u-0, which permits the solution to assume the
prescribed boundary value at that point.
In order to solve our boundary value problem we adopt the method of
iteration ; i. e., we define a sequence of functions {un} by the iterative scheme
&un+i-f{%,y,un) in D＼D ,
un+i-(f on D.
Under appropriate assumptions on the domain D, its fundamental boundary
D, the prescribed boundary data (p and the function in the equation f(x,y,u)
we can prove the possibility of such an iteration and the uniform convergence
See B. Pini [2, 3コand T. KUSANO [4].
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of the {un} thus defined to the unique solution of the problem in question. We
note that un must be defined as a solution of a linear non-homogeneous partial
differential equation with given boundary values. We, therefore, treat in
Section 1 a boundary value problem for a non-homogeneous equation of para-
bolic type
<pu-h(x, y).
There we shall obtain by employing the maximum principle for sub func-
tions of j5P%-0 a basic inequality for solutions of such a problem.
In Section 2 the construction of the approximate solutions by means of
the iteration mentioned above will be explained in detail. The existence of
the solution as well as the uniqueness will be established.
1. Non-homogeneous Equation
We丘rst consider the simplest equation
(A) 3>u - 0,
the fundamental solution of which is expressed as follows :
U(x,y; f,ワ)- J4π(y -り) exp<一浩(y>v),
0 (yくり).
It is known that there exists m D a unique regular solution of (A) as-




h(S,り)U(〟, y; 」, y)dJdy
where h(π,y) is in the class Cl{D), we can verify that V(〟,y) satisfies a non-
homogeneous partial differential equation
(B) cBu-h{x, y).
We are thus led in a natural way to the solution of the equation (B)
satisfying the boundary condition
(*) u-<p onD,
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Then u is evidently the unique solution of the problem (B), (*).
For solutions of the problem (B), (*) there holds an inequality which is
of great use in the sequel.
Theorem 1.1. If u(x,y) is a solution of the problem (B), (*), then the
following inequality holds :
(1.2) lu(x, y)1くmaxやけd2 max ¥h(x, y)¥/2
D
D
or in terms of the uniform norm日日r, and the boundary norm || ¥¥b
(1.2.a) ‖u"Dく‖<p¥¥b+d2日>/2t
where d is the width of the domain D: d- max {g2(y)-9i(y)}.
mm抱SfTlり
Proof: We setてノ(x,y)-u(x,y)+t(㌶-f) , A being a positive number and
S the abscissa of a fixed point in D. g>v>O for a su伍ciently large A>0, since
3>v-h(x,y)+2A. We can take, for example, ^-maxlh(〟,?/)|/2. Hence v is
上)
a subfunction**) for (A), the greatest value of which is attained at some point
on the boundary D. Consequently we have
v(〟, y)-u(x, y)+A(x-E)2くmチx Mx, y)+t(x-m
D
くmaxや+d2 max ¥h(x, y)|/2
D
D
u(x, y)くmaxで+d2ma,x ¥h(x, y)¥/2 ・
I)
A similar argument for -u(〟, y) yields the inequality
(1.4) -u(x, y)くmax (-ヂ)+d2 max ¥h(x, y)I/2.
D
From (1.3) and (1.4) immediately follows (1.2), which completes the proof.
See T. Kusano [4].
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Corollary. The solution of the equation (A) defined in a normal do-
main D assumes its greatest and least vαhes on the funda肌enta川oundary D.
m
2. Semi-linear Equation
We now consider the semi-linear partial differential equation
3?u-f(x,y, u).
We assume that the following three conditions are∋ ful丘Iied.
f(〟,y,u)∈Cl for {x,y)∈D, ¥u¥くα.
¥f(x,y,u)-f(x,y, v)¥く雷恒vl
where p is a positive constant less than unity.
(Ill) lf(〟,y,u)¥^2(α一maxl<p¥)/d2 for (〟,y)∈D, ¥u¥くα・
Condition (III) might be considered as a restriction on the function f{x, y, u).
It is, however, duly understood to be a restriction on the size of the normal
domain D. We suppose that the domain has been chosen so small enough
that Condition (III) is satisfied.
We can丘rst of all prove the uniqueness of the solution of the boundary
value problem (C), (*). Let uu u2 be two solutions of (C), (*). Let uu u2
be two solutions of (C), (*). The function v-u¥-u2 satisfies the equation
&v-f(x, y, u,)-f{π, y, u2)
and the boundary condition: ^-0 on D.
In view of the inequality (1.2) and Condition (II) we have
max¥v(x, y)¥くcr max lf(x, y, ui)-f(x, y, u2)¥/2
D
くp max ¥ui(x, y)-u2(x, y)I -pma,x ¥v(x, y)¥.
D D
But this is impossible unless v(x,y) vanishes identically or ui≡w2 in D. This
completes the uniqueness proof.
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It is easily veri丘ed that such an iteration is indeed possible. In fact, if
¥un(x,y)¥くα in D, then by virtue of the inequality (1.2) and Condition (III)
we obtain










An induction shows that all the un(x,y) can actually be denned in this way
mD.
The uniform convergence of the sequence {un(x, y)} is proved as follows.
Since vn(〟, y)-un+i(x, y)-un(x, y) satisfies
&vn-f(〟, 2/, Wn)-/(ォ, 2/, Wra_i)
vn-0 on D,
we have, by taking (1.2) and (II) into account, the estimate








Therefore un-ui+(u2-Wi)H ¥-(un-un-i) is seen to be majonzed by a
partial sum of a convergent geometric series 2α(1+p+- +pn-2) and the
uniform convergence of the {un(x, y)} is thus obvious. Let u(〟, y) be the limit
function of the {un(〟, v)}.
As was observed in Section 1, the approximate solution un+i(〟,y) can be
decomposed into the sum of two functions
y>n+i(x, y)-vn+1(x, y)+wn+1(x, y)
where
vn+i(x, y)- mで, un(」,り))u(.x, y, e,り)dSdク
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and wn+1(x, y) is the solution of the problem
5>wn+1-0 in D＼D ,
wn+l-ダーvn+i onD.
We observe that vn+i(〟, y) converges in D uniformly to the function
V(〟, y)-
JDJ
/(」ワt u(」,ワ))U(x, y, e,ヴ)dHヴ
as n tends to infinity. We observe further that wn+i then tends uniformly
toダーv on D. The uniform convergence of a sequence of solutions of (A)
on the fundamental boundary implies the uniform convergence in the whole
domain and so our wn+i(x,y) converges uniformly to the solution w(x,y) of
the equation (A) satisfying the boundary condition: w-甲-v on D.
We have after all that
u(x, y)-v(〟, y)+w(〟, v).
This shows that the uniform limit u{x,y) of the un(x,y) turns out to be a
solution of our boundary value problem (C), (*), for, we have
S'U-3>V->rS>W-f(〟, y, u) in D＼D ,
u-v+(早-v)-P on D.
Theorem 2.1. Let us suppose that given an equation (C) and a boundary
condition (*) the conditions (I), (II), (III) are satisfied. Then, there exists
one and only one solution of the problem (C), (*).
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